We prove a theorem that shows that a collection of experimental data of membership weights of items with respect to a pair of concepts and its conjunction cannot be modeled within a classical measure theoretic weight structure in case the experimental data contain the effect called overextension. Since the effect of overextension, analogue to the well-known guppy effect for concept combinations, is abundant in all experiments testing weights of items with respect to pairs of concepts and their conjunctions, our theorem constitutes a no-go theorem for classical measure structure for common data of membership weights of items with respect to concepts and their combinations. We put forward a simple geometric criterion that reveals the non classicality of the membership weight structure and use experimentally measured membership weights estimated by subjects in experiments from [26] to illustrate our geometrical criterion. The violation of the classical weight structure is similar to the violation of the well-known Bell inequalities studied in quantum mechanics, and hence suggests that the quantum formalism and hence the modeling by quantum membership weights, as for example in [17] , can accomplish what classical membership weights cannot do.
Introduction
Many branches of mathematics, such as geometry, complexity theory, and even number theory, were originally conceived not as domains of mathematics, but as describing a particular domain of physical reality. It was only much later that they were conceived more abstractly, and their applicability to a wide range of phenomena was realized. We believe this is also proving to be the case for the 1 arXiv:0810.5290v2 [math-ph] 22 Jan 2009 mathematical formalisms originally developed to describe events observed in the microworld: quantum mechanics.
Meanwhile the mathematical formalism of quantum mechanics has indeed been used successfully to model situations pertaining to domains different from the micro-world, for example, in economics [1, 2, 3] , operations research and management sciences [4, 5] , psychology and cognition [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17] , and language and artificial intelligence [18, 19, 20, 21, 22, 23] .
More specifically, in [17] a quantum mechanical representation of experimental data corresponding to membership weights of items with respect to pairs of concepts and their conjunctions was elaborated. It was proven that these data cannot be modelled by a classical theory of membership weights, i.e. a theory where membership weights are represented within a measure theoretic structure (see theorems 1, 2 and 3).
In the present paper we introduce a very simple geometrical criterion that allows the identification of the classical or non-classical nature of membership weight data gathered for pairs of concepts and their conjunctions, or more generally, collections of concepts and conjunctions of some of the pairs in these collections. More specifically we determine for such a collection of concepts and some of the conjunctions of these concepts a geometrical figure called a polytope (which is the higher dimensional generalization of a polygon in a real vector space) and a geometrical way of representing the measured membership weights of this collection and its conjunctions by means of a vector in this real vector space called a correlation vector. We prove that if this correlation vector is located inside the polytope a classical measure theoretic model exists for these data, while if the correlation vector is located outside of the polytope then such a model does not exist.
Membership weights on pairs of concepts and their conjunctions
It has been shown that Guppy is neither a very typical example of Pet nor Fish but is a very typical example of Pet-Fish [24] . Hence, the typicality of a specific item with respect to the conjunction of concepts can behave in an unexpected way. The problem is often referred to as the 'pet-fish problem' and the effect is usually called the 'guppy effect'. The guppy effect is abundant; it appears almost in every situation where concepts combine. Meanwhile many experiments and analyses of this effect and related to the problem of combining concepts have been conducted [24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35] .
The guppy effect was not only identified for the typicality of items with respect to concepts and their conjunctions but also for the membership weights of items with respect to concepts and their conjunction [26] . For example, subjects rate Cuckoo a better member of the conjunction 'Bird and Pet' than of the concept Pet on its own. This is a strange effect; if the conjunction of concepts behaved like a conjunction of logical propositions the second should be at least as great as the first. This deviation from what one would expect of a standard classical interpretation of conjunctions of concepts is referred to as 'overextension' [26] . Table 1 gives the list of six pairs of concepts and their conjunction for which in [26] the membership weights were measured with respect to different items, and in Table 2 the outcomes of these measurements are given for each of the items.
Classical and non classical membership weights
The behavior of a standard classical weight for a conjunction is described mathematically for the case of one pair of concepts and their conjunction in section 3 of [17] . Consider weights µ(A 1 ), µ(A 2 ) and µ(A 1 and A 2 ) of an item X with respect to a pair of concepts A 1 and A 2 and their conjunction 'A 1 and A 2 '. We say that they are 'classical membership weights' if and only if there exists a normed measure space (Ω, σ(Ω), P ) and events E A 1 , E A 2 ∈ σ(Ω) of the events algebra σ(Ω) such that
A normed measure P is a function defined on a σ-algebra σ(Ω) over a set Ω and taking values in the interval [0, 1] such that the following properties are satisfied: (i) The empty set has measure zero, i.e. P (∅) = 0; (ii) Countable additivity or σ-additivity: if E 1 , E 2 , E 3 , . . . is a countable sequence of pairwise disjoint sets in σ(Ω), the measure of the union of all the E i is equal to the sum of the measures of each E i , i.e. P (
The total measure is one, i.e. P (Ω) = 1. The triple (Ω, σ(Ω), P ) is called a normed measure space, and the members of σ(Ω) are called measurable sets. A σ-algebra over a set Ω is a nonempty collection σ(Ω) of subsets of Ω that is closed under complementation and countable unions of its members. Measure spaces are the most general structures devised by mathematicians and physicists to represent weights.
We generalize this definition to the case of n concepts A 1 , A 2 , . . . , A n with weights µ(A i ) for each concept A i , and weights µ(A i and A j ) for the conjunction of concepts A i and A j . It is not necessary that weights are measured with respect to each one of the possible pairs of concepts. Hence, to describe this situation formally, we consider a set S of pairs of indices S ⊆ {(i, j) | i < j; i, j = 1, 2, . . . , n} corresponding to those pairs of concepts for which the weights have been measured with respect to the conjunction of these pairs. As a consequence, the following set of weights have been experimentally determined
We say that the set of weights in (2) is a 'classical set of membership weights' if it has a normed measure representation, hence if there exists a normed measure space (Ω, σ(Ω), P ) with E A 1 , E A 2 , . . . , E An ∈ σ(Ω) elements of the event algebra, such that
Geometrical characterization of membership weights
We now introduce a geometric language that makes it possible to verify the existence of a normed measure representation for the set of weights in (2), much like the characterization of Kolmogorovian probability models in [36] . Following [36] , we first define an n+|S|-tuple, called the n+|S|-dimensional correlation vector,
where |S| is the cardinality of S. Denote R(n, S) = R n+|S| the n + |S| dimensional vector space over the real numbers. Let ∈ {0, 1} n be an arbitrary n-dimensional vector consisting of 0 s and 1 s. For each we construct the following vector − → u ∈ R(n, S)
The set of convex linear combinations of the u s is called the classical correlation polytope
The following theorem can now be proven similar to what was done in [36] for the case of Kolmogorovian probabilities 3
Theorem. The set of weights
admits a normed measure space, and hence is a classical set of membership weights, if and only if its correlation vector − → p belongs to the correlation polytope c(n, S)
Proof: Suppose that (6) is a classical set of weights, and hence we have a normed measure space (Ω, σ(Ω), P ) and events E A i ∈ σ(Ω) such that (2) are satisfied. Let us show that in this case − → p ∈ c(n, S). For an arbitrary subset X ⊂ Ω we define X 1 = X and X 0 = Ω\X. Consider = ( 1 , . . . , n ) ∈ {0, 1} n and define A( ) = ∩ A i i . Then we have that A( ) ∩ A( ) = ∅ for = , ∪ A( ) = Ω, and ∪ , j =1 A( ) = A j . We put now λ = P (A( )). Then we have λ ≥ 0 and λ = 1, and
Then there exists numbers λ ≥ 0 such that λ = 1 and − → p = λ u . We define Ω = {0, 1} n and σ(Ω) the power set of Ω. For X ⊂ Ω we define then P (X) = ∈X λ . Then we choose
This shows that we have a classical set of weights.
The correlation polytopes for pairs of concepts and their conjunctions
In the case of two concepts A 1 , A 2 and their conjunction 'A 1 and A 2 ' the set of indices is S = {(1, 2)} and the correlation polytope c(2, S) is contained in the 2 + |S| = 3 dimensional euclidean space, i.e. R(2, {1, 2}) = R 3 . Further we have four vectors ∈ {0, 1} n , namely (0, 0), (0, 1), (1, 0) and (1, 1), and hence the four vectors − → u ∈ R 3 which are the following
This means that the correlation polytope c(2, {1, 2}) is the convex region spanned by the convex combinations of the vectors (0, 0, 0), (1, 0, 0), (0, 1, 0) and (1, 1, 1), and the correlation vector is given by A 2 ) ). It is well-known that every polytope admits two dual descriptions:
one in terms of convex combinations of its vertices, and one in terms of the inequalities that define its boundaries [37] . 1, 1) , it is a classical item, for which the membership weights can be represented within a normed measure space. If the point does not lie inside the polytope, the corresponding item is non-classical, indicating that perhaps a quantum representation, for example the one presented in [17] , can be elaborated for its weights. Since the polytope is also given by the inequalities defining its boundaries, points lying inside (or outside) the polytope can be characterized by their coordinates satisfying (or violating) these inequalities. The inequalities that define the boundaries of polytope c(2, {1, 2}) are a lower dimensional variant ( [37] and [36] ) of the well-known Bell inequalities, studied in the foundations of quantum mechanics. This means that the violation of these inequalities, such as it happens by the data corresponding to items for which the points lie outside the polytope, has from a probabilistic perspective an analogous meaning as the 
Conclusion
If two concepts are combined to form a conjunction we can measure the membership weights of items with respect to each of these concepts and also with respect to their conjunction. If the 'conjunction of concepts' behaved like a classical logical conjunction of propositions does, we would expect that the membership weight of an item with respect to the conjunction would never be bigger than the membership weight of this item with respect to one of the concepts. Experiments show that this is not the case, and this counterintuitive effect is referred to as both the guppy effect [24] and overextension [26] in the literature. It has been shown elsewhere that a quantum description can model this overextension while classical measure theoretic structures cannot [17] . In this paper we have elaborated a Table 2 : Three of the pairs of concepts and items of experiment 4 in [26] . The non classical items are labeled by q and the classical items by c. simple geometric method to identify the membership weights of items with respect to the conjunction of concepts that cannot be modeled within a classical measure theoretic structure. We do this for the general situation of a set of n concepts and a set of conjunctions between these concepts. The method consists of determining a convex polytope, and making each of the items correspond to a correlation vector in the real vector space where also the polytope is defined. We prove that if the correlation vector is contained in the polytope, the considered set of membership weights can be modeled within a classical measure space, while if the correlation vector is not contained in the polytope it cannot. We apply this geometrical characterization method to the set of data collected in [26] and see that most of the tested items have membership weights for which the correlation vector falls outside of the polytope, and hence these membership weights cannot be modeled within a classical measure space (see Figures 1, 2 and 3 ).
The experimental data for which we show in the present article by means of the polytope criterion that they are non classical, i.e. cannot be represented within a classical measure structure, are all 'conjunction data', meaning that they are membership weights of items with respect to the conjunction of two concepts. The phenomenon of structural non classicality that we put into evidence in this article is however much more general and does not only appear with membership weights of conjunctions. For example, it appears in a very analogous way for disjunctions of concepts. as experimentally shown in [27] and theoretically analyzed in [17] , theorems 4, 5 and 6. Following our contextual theory of concepts developed in [9, 10] , we have good reason to believe that the effect appears whenever concepts are combined. Unfortunately, the non-classical effect is difficult to identify for an arbitrary combination of concepts, since we do not have a simple mathematical characterization, (like we have for conjunction and disjunction) of what the classical structure of such an arbitrary combination would be. In [27] next to the disjunction also the negation is investigated, and also there significant deviations of what one would expect classically from the logical structure of a negation are measured. We have not yet analyzed these effects on the negation with respect to the quantum models developed in [13, 14, 17] , but plan to do so in future work. It would be interesting to make this type of experiments with the remaining not yet tested simple logical connective which is called 'the implication'. The appearance of this type of non-classical weights is however not limited to the domain of concepts and their combinations. In decision theory and in economics different types of situations have been studied entailing a very similar type of non classical weight structure than the one we consider in the present paper [38] . The disjunction effect [39] and the conjunction fallacy [40, 41] are the best known ones, and the disjunction effect has been modeled by a quantum mechanical description in [12] , while the conjunction fallacy was analyzed with respect to quantum mechanical modeling in [15] . In [42] a 'disjunction fallacy' is experimentally identified, by considering disjunctions that are not combinations of concepts but already received a name of themselves, such as for example Natural Sciences being the disjunction of Astronomy, Physics, Chemistry, Biology and Earth Sciences. The deviation from how classically this type of disjunction should behave is shown in [42] to be very big. Hence this demonstrates that the non classicality does not find its origin in a kind of 'wrong application of the combination rules', a hypothesis put forward in [43] . It shows that the effect is also present for disjunctions and conjunctions that are single concepts and not combinations. From the perspective of the quantum model developed in [13, 14, 17] we have put forward an explanation for the non classicality, due to the fact that for combinations of concepts equally the single new emergent concept as well as the combination as a logical connective play a role in the influence provoked by the conceptual landscape surrounding the decision situation [38] . A similar simple criterion with polytopes can be worked out for situations of non classicality of other combinations of concepts, and also for the non classical phenomena identified in decision theory, such as the disjunction effect and the conjunction fallacy. We plan to elaborate this in future work.
We note that have formulated all hypothesis and claims in the present article by considering the notion of a 'normed measure space' and its elements representing the membership weights of the items with respect to concepts. Alternatively, we could equally well have considered 'the probability for a specific subject to choose in favor of membership' in replacement of 'the membership weight' as central element. If we would have done so our theorem would become a theorem on probability models instead of a theorem on unitary measure spaces, and it would be mathematically completely equivalent with Pitowsky's main theorem in [36] .
The geometrical identification presented here gives rise to a demarcation similar to the violation of the well-known Bell inequalities in physics, which is generally regarded as experimental evidence for the need of a fundamental change in the classical paradigm to describe the process under consideration. Hence, Hampton's membership weight data giving rise to a situation equivalent to the violation of Bell inequalities, constitutes a strong argument in favor of the fact that quantum structure would be at work within the mechanism giving rise to these data, hence within human cognition. If so, then these experiments constitute a pioneering example of experimentally tested quantum structure in cognition performed by a psychologist in tempore non suspecto. It also would mean that only a non classical description, for example one based on quantum mechanics eventually as the one elaborated in [17] , is able to model the mechanism giving rise to the data.
